In this paper, we introduce some new inequalities with a best constant factor. As an application, we obtain a sharper form of Hilbert's inequality. Some inequalities of Carlson type are also considered. MSC: 26D15
Introduction
If f (x), g(x) ≥ ,  < ∞  f  (x) dx < ∞, and  < 
), and pA  + qA  =  -λ. Moreover, in [] the following is proved:
here K(x, y) ≥  is a homogeneous function of degree -λ (λ > ) strictly decreasing in both parameters x and y, A  ∈ (max{
), and pA  + qA  = . We need the following formula for the beta function:
For the sequence of real numbers (a n ), Carlson's inequality is given as
the constant √ π is the best possible. The continuous version of (.) is
the constant √ π is sharp. Regarding these inequalities and their extensions, we refer the reader to the book [] .
In this paper, we introduce two new inequalities with a best constant factor which gives an upper estimate for the double series 
Proof Let α, β > , using Cauchy's inequality and then applying (.), we get
and consider the function h(t) =
), we conclude that the minimum of this func-
. Therefore, if we let α = pA  S and β = qA  T, we get (.). It remains to show that the constant L in (.) is the best possible. To do that, suppose that there exists a positive constant C < L such that (.) is still valid if we replace L by C.
; similarly, we obtain
Similarly,
On the other hand,
Substituting the above inequalities in (.), we get
Multiplying inequality (.) by ε  (ε = ε qA  ε pA  ) and then letting ε →  + , we have
Using (.), we find
and 
Inequality (.) is a sharper form of (.). To see that, let us rewrite (.) in the following form:
where S = 
Therefore, inequality (.) is a sharper form of (.). In particular, if we set p = q = ,
, we obtain the following sharper form of the classical Hilbert inequality (.):
Note that we may obtain the Hilbert inequality from (.) by applying the AG inequality
to the right-hand side of (.). . The more accurate Hilbert inequality is given as 
Applying Young's inequality, we get 
Integral case
and that
dx dy < ∞, then the following inequality holds:
Proof By Cauchy's inequality, taking into account (.), we get (α, β > )
As in the proof of Theorem ., if we set
dx dy, t = 
, we have
Let y = ux, then we have
Finally,
Substituting the above estimates in (.) and then letting ε →  + , we find M ≥
The theorem is proved.
Some applications
We may prove that inequality (.) is sharper than inequality (.) as we did in the discrete case, or we may do that by using (.) in the following way: set K(x, y) = 
